Abstract. We prove that for every integer t 1, the class of intersection graphs of curves in the plane each of which crosses a fixed curve in at least one and at most t points is χ-bounded. This is essentially the strongest χ-boundedness result one can get for this kind of graph classes. As a corollary, we prove that for any fixed integers k 2 and t 1, every k-quasi-planar topological graph on n vertices with any two edges crossing at most t times has O(n log n) edges.
Introduction

Overview.
A curve is a homeomorphic image of the real interval [0, 1] in the plane. The intersection graph of a family of curves has these curves as vertices and the intersecting pairs of curves as edges. Combinatorial and algorithmic aspects of intersection graphs of curves, known as string graphs, have been attracting researchers for decades. A significant part of this research has been devoted to understanding classes of string graphs that are χ-bounded, which means that every graph G in the class satisfies χ(G) f (ω(G)) for some function f : N → N, where χ(G) and ω(G) denote the chromatic number and the clique number (the maximum size of a clique) of G, respectively. Recently, Pawlik et al. [24, 25] proved that the class of all string graphs is not χ-bounded. However, all known constructions of string graphs with small clique number and large chromatic number require a lot of freedom in placing curves around in the plane.
What restrictions on placement of curves lead to χ-bounded classes of intersection graphs? McGuinness [19, 20] proposed studying families of curves that cross a fixed curve exactly once. This initiated a series of results culminating in the proof that the class of intersection graphs of such families is indeed χ-bounded [26] . By contrast, the class of intersection graphs of curves each crossing a fixed curve at least once is equal to the class of all string graphs and therefore is not χ-bounded. We prove an essentially farthest possible generalization of the former result, allowing curves to cross the fixed curve at least once and at most t times, for any bound t. Setup. Let N denote the set of positive integers. Graph-theoretic terms applied to a family of curves F have the same meaning as applied to the intersection graph of F. In particular, the chromatic number of F, denoted by χ (F) , is the minimum number of colors in a proper coloring of F (a coloring that distinguishes pairs of intersecting curves), and the clique number of F, denoted by ω(F), is the maximum size of a clique in F (a set of pairwise intersecting curves in F).
Theorem 1. For every integer t 1 and any fixed curve c 0 , the class of intersection graphs of curves each crossing c 0 in at least one and at most t points is χ-bounded. L(c)
M
Theorem 1 (rephrased). For every t ∈ N, there is a non-decreasing function f t : N → N with the following property: for any fixed curve c 0 , every family F of curves each intersecting c 0 in at least one and at most t points satisfies χ(F) f t (ω(F)).
A point p is a proper crossing of curves c 1 and c 2 if c 1 passes from one side to the other side of c 2 in a sufficiently small neighborhood of p. From now on, without significant loss of generality, we make the following implicit assumption: any two distinct curves that we consider intersect in finitely many points, and each of their intersection points is a proper crossing. There is one exception to the latter condition: a curve c may have an endpoint on another curve if this is required by the definition of c (like for 1-curves defined below).
Initial reduction.
We start by reducing Theorem 1 to a somewhat simpler and more convenient setting. We fix a horizontal line in the plane and call it the baseline. The upper halfplane bounded by the baseline is denoted by H + . A 1-curve is a curve in H + that has one endpoint on the baseline and does not intersect the baseline in any other point. Intersection graphs of 1-curves are known as outerstring graphs and form a χ-bounded class of graphs-this result, due to the authors, is the starting point of the proof of Theorem 1.
Theorem 3 ([26]). There is a non-decreasing function
An even-curve is a curve that has both endpoints above the baseline and intersects the baseline in at least two points (this is an even number, by the proper crossing assumption). For t ∈ N, a 2t-curve is an even-curve that intersects the baseline in exactly 2t points. The basepoint of a 1-curve s is the endpoint of s on the baseline. A basepoint of an even-curve c is an intersection point of c with the baseline. Every even-curve c determines two 1-curves-the two parts of c from an endpoint to the closest basepoint. They are called the 1-curves of c and denoted by L(c) and R(c) so that the basepoint of L(c) lies to the left of the basepoint of R(c) on the baseline (see Figure 1) . A family F of even-curves is an LR-family if every intersection between two curves c 1 , c 2 ∈ F is an intersection between L(c 1 ) and R(c 2 ) or between L(c 2 ) and R(c 1 ). The main effort in this paper goes to proving the following statement on LR-families of even-curves.
Theorem 4. There is a non-decreasing function
Theorem 4 makes no assumption on the maximum number of intersection points of an evencurve with the baseline. We derive Theorem 1 from Theorem 4 in two steps, first proving the following lemma, and then showing that Theorem 1 is essentially a special case of it.
Lemma 5. For every t ∈ N, there is a non-decreasing function f t : N → N such that every family F of 2t-curves no two of which intersect on or below the baseline satisfies χ(F) f t (ω(F)).
Proof of Lemma 5 from Theorem 4.
The proof goes by induction on t. Let f 0 and f be the functions claimed by Theorem 3 and Theorem 4, respectively, and let f t (k) = f 2 t−1 (k)f (k) for t 1 and k ∈ N. We establish the base case for t = 1 and the induction step for t 2 simultaneously. Namely, fix an integer t 1, and let F be as in the statement of the lemma. For every 2t-curve c ∈ F, enumerate the endpoints and basepoints of c as p 0 (c), . . . , p 2t+1 (c) in their order along c so that p 0 (c) and p 1 (c) are the endpoints of L(c) while p 2t (c) and p 2t+1 (c) are the endpoints of R(c). Build two families of curves F 1 and F 2 putting the part of c from p 0 (c) to p 2t−1 (c) to F 1 and the part of c from p 2 (c) to p 2t+1 (c) to F 2 for every c ∈ F. If t = 1, then F 1 and F 2 are families of 1-curves. If t 2, then F 1 and F 2 are equivalent to families of 2(t − 1)-curves, because the curve in F 1 or F 2 obtained from a 2t-curve c ∈ F can be shortened a little at p 2t−1 (c) or p 2 (c), respectively, losing that basepoint but no intersection points with other curves. Therefore, by Theorem 3 or the induction hypothesis, we have χ(
For c ∈ F and k ∈ {1, 2}, let φ k (c) be the color of the curve obtained from c in an optimal proper coloring of F k . Every subfamily of F on which φ 1 and φ 2 are constant is an LR-family and therefore, by Theorem 4 and monotonicity of f , has chromatic number at most f (ω(F)). We conclude that χ(
A closed curve is a homeomorphic image of a unit circle in the plane. For a closed curve γ, the Jordan curve theorem asserts that the set R 2 γ consists of two connected components: one bounded, denoted by int γ, and one unbounded, denoted by ext γ.
Proof of Theorem 1 from Theorem 4.
We elect to present this proof in an intuitive rather than rigorous way. Let F be a family of curves each intersecting c 0 in at least one and at most t points. Let γ 0 be a closed curve surrounding c 0 very closely so that γ 0 intersects every curve in F in exactly 2t points (winding if necessary to increase the number of intersections) and all endpoints of curves in F and intersection points of pairs of curves in F lie in ext γ 0 . We "invert" int γ 0 with ext γ 0 to obtain an equivalent family of curves F and a closed curve γ 0 with the same properties except that all endpoints of curves in F and intersection points of pairs of curves in F lie in int γ 0 . It follows that some part of γ 0 lies in the unbounded component of R 2 F . We "cut" γ 0 there and "unfold" it into the baseline, transforming F into an equivalent family F of 2t-curves all endpoints of which and intersection points of pairs of which lie above the baseline. The "equivalence" of F, F , and F means in particular that the intersection graphs of F, F , and F are isomorphic, so the theorem follows from Lemma 5 (and thus Theorem 4).
In an LR-family of even-curves F, only the 1-curves L(c) and R(c) of any curve c ∈ F participate in intersections with other curves in F, and the part of c connecting L(c) and R(c) remains disjoint from all other curves in F. It turns out that these "middle" parts connecting the two 1-curves of even-curves in F are essential for Theorem 4 to hold. To state this formally, we define a double-curve as a set X ⊆ H + that is a union of two disjoint 1-curves, denoted by L(X) and R(X) so that the basepoint of L(X) lies to the left of the basepoint of R(X), and we call a family X of double-curves an LR-family if every intersection between two double-curves X 1 , X 2 ∈ X is an intersection between L(X 1 ) and R(X 2 ) or between L(X 2 ) and R(X 1 ).
Theorem 6. For every ζ ∈ N, there is a triangle-free LR-family of double-curves
The proof of Theorem 6 is an easy adaptation of the construction from [24, 25] (see Section 4 for the details). The rest of this section is devoted to the proof of Theorem 4.
Overview of the proof of Theorem 4. Recall the assertion of Theorem 4: the LR-families of even-curves are χ-bounded. The proof is quite long and technical, so we find it useful to provide a high-level overview of its structure. The proof will be presented via a series of reductions. First, we will reduce Theorem 4 to the following statement (Lemma 7): the LR-families of 2-curves are χ-bounded. This statement will be proved by induction on the clique number. Specifically, we will prove the following as the induction step: if every LR-family of 2-curves F with ω(
ζ is a constant depending only on k and ξ. The only purpose of the induction hypothesis is to infer that if ω(F) k and c ∈ F, then the family of 2-curves in F {c} that intersect c has chromatic number at most ξ. For notational convenience, LR-families of 2-curves with the latter property will be called ξ-families. We will thus reduce the problem to the following statement (Lemma 9): the ξ-families are χ-bounded, where the χ-bounding function depends on ξ.
We will deal with ξ-families via a series of technical lemmas of the following general form: every ξ-family with chromatic number large enough contains some specific "interesting" structure. Two kinds of such structures are particularly "interesting": (a) a large clique, and (b) a 2-curve c and a subfamily F with large chromatic number such that the basepoints of the 2-curves in F lie between the basepoints of c. In the core of the argument are the proofs that
• every ξ-family with chromatic number large enough contains (a) or (b) (Lemma 16), • assuming the above, every ξ-family with chromatic number large enough contains (a). Combined, they complete the argument. Since the two proofs are almost identical, we introduce one more reduction-to (ξ, h)-families (Lemma 15). A (ξ, h)-family is just a ξ-family that satisfies an additional technical condition sufficient to carry both proofs at once.
More notation and terminology. Let ≺ denote the left-to-right order of points on the baseline (p 1 ≺ p 2 means that p 1 is to the left of p 2 ). For convenience, we also use the notation ≺ for curves intersecting the baseline (c 1 ≺ c 2 means that every basepoint of c 1 is to the left of every basepoint of c 2 ) and for families of such curves (C 1 ≺ C 2 means that c 1 ≺ c 2 for any c 1 ∈ C 1 and c 2 ∈ C 2 ). For a family C of curves intersecting the baseline (even-curves or 1-curves) and two 1-curves x and y, let C(x, y) = {c ∈ C : x ≺ c ≺ y} or C(x, y) = {c ∈ C : y ≺ c ≺ x} depending on whether x ≺ y or y ≺ x. For a family C of curves intersecting the baseline and a segment I on the baseline, let C(I) denote the family of curves in C with all basepoints on I.
For A cap-curve is a curve in H + that has both endpoints on the baseline and does not intersect the baseline in any other point. For a cap-curve γ, it follows from the Jordan curve theorem that the set H + γ consists of two connected components: one bounded, denoted by int γ, and one unbounded, denoted by ext γ. Any two cap-curves one with endpoints p 1 , q 1 and the other with endpoints p 2 , q 2 such that p 1 ≺ p 2 ≺ q 1 ≺ q 2 intersect in an odd number of points.
Reduction to LR-families of 2-curves. We will reduce Theorem 4 to the following statement on LR-families of 2-curves, which is essentially a special case of Theorem 4.
Lemma 7. There is a non-decreasing function
A component of a family of 1-curves S is a connected component of S (the union of all curves in S). The following easy but powerful observation reuses an idea from [17, 20, 27] .
Lemma 8. For every LR-family of even-curves F, if F is the family of curves
Proof. Let G be an auxiliary graph where the vertices are the components of L(F) ∪ R(F) and the edges are the pairs V 1 V 2 of components such that there is a curve c ∈ F with L(c) 
Proof of Theorem 4 from Lemma 7. We show that χ(F) f (ω(F)) + 4, where f is the function claimed by Lemma 7. We have
Let c 1 , c 2 ∈ F 1 . We claim that the intervals I(c 1 ) and I(c 2 ) are nested or disjoint. Suppose they are not. For
We assume that ε is small enough so that the sets V ε for all components V of L(F) ∪ R(F) and the curves M (c) for all c ∈ F 1 are pairwise disjoint (except at common basepoints). For
We can assume without loss of generality that γ 1 and γ 2 intersect in a finite number of points and each of their intersection points is a proper crossing (this is why we take
Since I(c 1 ) and I(c 2 ) are neither nested nor disjoint, the basepoints of L(c 2 ) and R(c 2 ) lie one in int γ 1 and the other in ext γ 1 , so γ 1 and γ 2 intersect in an odd number of points. For k ∈ {1, 2}, letγ k be the closed curve obtained as the union of γ k and M (c k ). It follows thatγ 1 andγ 2 intersect in an odd number of points and each of their intersection points is a proper crossing, which is a contradiction.
Transform F 1 into a family of 2-curves F 1 replacing the part M (c) of every curve c ∈ F 1 by the lower semicircle connecting the endpoints of M (c). These semicircles are pairwise disjoint (because I(c 1 ) and I(c 2 ) are nested or disjoint for any c 1 , c 2 ∈ F 1 ), so F 1 is an LR-family with intersection graph isomorphic to that of F 1 . Lemma 7 yields χ(
Reduction to ξ-families. For ξ ∈ N, a ξ-family is an LR-family of 2-curves F with the following property: for every 2-curve c ∈ F, the family of 2-curves in F {c} that intersect c has chromatic number at most ξ. We reduce Lemma 7 to the following statement on ξ-families. The proof of Lemma 10 is essentially the same as the proof of Lemma 19 in [28] . We need the following elementary lemma, which was also used in various forms in [17, 19, 20, 26, 27] . 
In each case, we will find a subfamily H ⊆ F such that any two intersecting 1-curves 
-curves x ∈ R(H) and y ∈ L(H), we have x ∈ R(F i,j ) and y ∈ L(F r,s )
for some indices i, r ∈ I, j ∈ {i + 2, . . . , m}, and s ∈ {r + 2, . . . , m} such that j / ∈ {r − 1, r} (otherwise ir would be an edge of G), j = r + 1 (otherwise two 2-curves, one from F i,r+1 and one from F r,s , would cross below the baseline), and thus |j − r| 2.
It is proved in [26] that for every family of 1-curves S, there is a cap-curve γ and a subfamily U ⊆ S with χ(U) 1 2 χ(S) such that every 1-curve in S is contained in int γ and intersects some 1-curve in U that intersects ext γ. The proof follows an idea from [10] , used subsequently also in [17, 19, 20, 21, 27] , defining U as one of the sets of 1-curves at a fixed distance from an appropriately chosen 1-curve in the intersection graph of S. However, this method fails to imply an analogous statement for 2-curves. We will need a more powerful tool-part of the recent series of works on induced subgraphs that must be present in graphs with sufficiently large chromatic number. 
Proof.
Let f (α) = f 1 (3α + 5ξ + 5), where f 1 is the function claimed by Theorem 13. Let F be a ξ-family with χ(F) > f (α). It follows that there is a 2-curve c ∈ F such that the family of curves within distance at most 2 from c in the intersection graph of F has chromatic number greater than 3α + 5ξ + 5. For k ∈ {1, 2}, let F k be the 2-curves in F at distance exactly k from c in the intersection graph of F. Since χ({c } ∪ F 1 ∪ F 2 ) > 3α + 5ξ + 5 and χ(F 1 ) ξ (because F is a ξ-family), we have χ(F 2 ) > 3α + 4ξ + 4. We have
, where 
If there is a 2-curve c ∈ F with one basepoint on I(H) and the other basepoint not on (F(I(c) )) α + 1, which is a contradiction. Therefore, every 2-curve in F with a basepoint on I(H) has both basepoints on I(G). This shows that F is a (ξ, h α )-family. Dealing with (ξ, h)-families. The rest of the proof is inspired from the ideas in [26] .
A family of 1-curves S supports a family of 2-curves F if every 2-curve in F intersects some 1-curve in S. A skeleton is a pair (γ, U) such that γ is a cap-curve and U is a family of pairwise disjoint 1-curves each of which has one endpoint (other than the basepoint) on γ and all the remaining part in int γ (see Figure 3) . For a family of 1-curves S, a skeleton (γ, U) is an S-skeleton if every 1-curve in U is a subcurve of some 1-curve in S. A skeleton (γ, U) supports a family of 2-curves F if every 2-curve c ∈ F satisfies L(c), R(c) ⊆ int γ and intersects some 1-curve in U. 
By Lemma 8, the 2-curves c ∈ G such that L(c) and R(c) lie in distinct components of L(G ) ∪ R(G ) have chromatic number at most 4. Therefore, there is a component V of 
Lemma 18. For every function
, where f 1 is the function claimed by Lemma 17. Suppose to the contrary that no such subfamily G exists. Let F 0 = F. Apply Lemma 17 three times to obtain families F 1 , F 2 , F 3 , S 1 , S 2 , and S 3 with the following properties:
There are indices i, j ∈ {1, 2, 3} with i < j such that S i and S j are of the same "type": either
. Assume for the rest of the proof that S i ⊆ R(F i−1 ) and S j ⊆ R(F j−1 ); the argument for the other case is analogous.
Let S ≺ = {s ∈ S j : s ≺ F j }, S = {s ∈ S j : F j ≺ s}, F ≺ be the 2-curves in F j that intersect some 1-curve in S ≺ , and F be those that intersect some 1-curve in S . Thus
Assume for the rest of the proof that χ(F ≺ ) > 2ξ; the argument for the other case is analogous.
Let S min ≺ be an inclusion-minimal subfamily of S ≺ with the property that S min ≺ still supports F ≺ . Let s be the 1-curve in S min ≺ with rightmost basepoint, and let F ≺ = {c ∈ F ≺ : L(c) intersects s }. Since F is a ξ-family, we have χ(F ≺ ) ξ. By the choice of S min ≺ , there exists a 2-curve c ∈ F ≺ disjoint from every 1-curve in S min ≺ other than s . Since F ≺ is supported by S i , there is a 1-curve s i ∈ S i that intersects L(c ). We show that every 2-curve in
Let c ∈ F ≺ F ≺ , and let s be a 1-curve in S min 
A chain of length n is a sequence (a 1 , b 1 ) , . . . , (a n , b n ) of pairs of 2-curves such that
• for 1 i n, the 1-curves R(a i ) and L(b i ) intersect, • for 2 i n, the basepoints of R(a i ) and L(b i ) lie between the basepoints of R(a i−1 ) and Proof (see Figure 4) . We define the function f by induction. Let f (1) = 1; if χ(F) > 1, then F contains two intersecting 2-curves, which form a chain of length 1. For the induction step, fix n 1, and assume that every (ξ, h)-family H with χ(H) > f (n) contains a chain of length n. Let
, where f 1 is the function claimed by Lemma 12 and f 2 is the function claimed by Lemma 18. Let F be a (ξ, h)-family with χ(F) > f (n + 1). We claim that F contains a chain of length n + 1.
Let F 0 = F. Apply Lemma 18 three times to find families of 2-curves F 1 , F 2 , F 3 and skeletons (γ 1 , U 1 ), (γ 2 , U 2 ), (γ 3 , U 3 ) with the following properties: By Lemma 12, since χ( the family H contains a chain (a 1 , b 1 ) , . . . , (a n , b n ) of length n. Let x and y be the 1-curves R(a n ) and L(b n ) assigned so that x ≺ y. By the definition of a chain, x and y intersect, and therefore χ(F j (x, y)) > h(2ξ) + 4ξ + 2.
Enumerate the 1-curves in U i as u 1 , . . . , u m so that u 1 ≺ · · · ≺ u m , where m = |U i |. Assume u 1 ≺ x ≺ y ≺ u m for simplicity (adjusting the proof to the general case is straightforward).
There are indices and r with 1 < r m, u ≺ x ≺ u +1 , and u r−1 ≺ y ≺ u r . Let F L j = {c ∈ F j : x ≺ L(c) ≺ u +1 } and F R j = {c ∈ F j : u r−1 ≺ R(c) ≺ y}. It follows that F j (x, y) ⊆ F L j ∪ F j (u +1 , u r−1 ) ∪ F R j . Since F is a ξ-family, the 2-curves in F L j that intersect u have chromatic number at most ξ, and so do the 2-curves in F L j that intersect u +1 . The remaining 2-curves c ∈ F L j (intersecting neither u nor u +1 ) are pairwise disjoint, because their 1-curves L(c) are contained in and (1) every probe in P k is disjoint from L(X) for every double-curve X ∈ X k , (2) for every probe P ∈ P k , the double-curves in X k intersecting P are pairwise disjoint, (3) X k is triangle-free, that is, ω(X k ) 2, (4) for every proper coloring of X k , there is a probe P ∈ P k such that at least k distinct colors are used on the double-curves in X k intersecting P . This is enough for the proof of theorem, because the last property implies χ(X k ) k. For a pair (X k , P k ) satisfying the conditions above and a probe P ∈ P k , let X k (P ) denote the set of double-curves in X k intersecting P . The base case k = 1 is easy: we let X 1 = {X} and P 1 = {P }, where X and P look as follows:
P L(X) R(X)
It is clear that the conditions (1)- (4) are satisfied.
For the induction step, we assume k 1 and construct the pair (X k+1 , P k+1 ) from (X k , P k ). Let (X , P) be a copy of (X k , P k ). For every probe P ∈ P, put another copy (X P , P P ) of (X k , P k ) entirely inside P . Then, for every probe P ∈ P and every probe Q ∈ P P , let a double-curve X P Q and probes A P Q and B P Q look as follows:
In particular, X P Q intersects the double-curves in X P (Q), A P Q intersects the double-curves in X (P ) ∪ X P (Q), and B P Q intersects the double-curves in X (P ) ∪ {X P Q }. Let
The conditions (1) and (2) clearly hold for (X k+1 , P k+1 ), and (2) for (X k , P k ) implies (3) for (X k+1 , P k+1 ). To see that (4) holds for (X k+1 , P k+1 ) and k + 1, consider a proper coloring φ of X k+1 . Let φ(X) denote the color of a double-curve X ∈ X k+1 and φ(Y) denote the set of colors used on a subset Y ⊆ X k+1 . By (4) applied to (X , P), there is a probe P ∈ P such that |φ(X (P ))| k. By (4) applied to (X P , P P ), there is a probe Q ∈ P P such that |φ(X P (Q))| k.
Since X P Q intersects the double-curves in X P (Q), we have φ(X P Q ) / ∈ φ(X P (Q)). If φ(X (P )) = φ(X P (Q)), then X k+1 (A P Q ) = X (P ) ∪ X P (Q) yields |φ(X k+1 (A P Q ))| = |φ(X (P )) ∪ φ(X P (Q))| k + 1. If φ(X (P )) = φ(X P (Q)), then X k+1 (B P Q ) = X (P ) ∪ {X P Q } and φ(X P Q ) / ∈ φ(X (P )) yield |φ(X k+1 (B P Q ))| = |φ(X (P ))+1| k +1. This shows that (4) holds for (X k+1 , P k+1 ) and k +1.
